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A New Theory of Shock Dynamics 
Part I: Analytic Considerations 
RENUKA RAVINDRAN AND PHOOLAN PRASAD 
Department of Applied Mathematics, Indian Institute of Science 
Abstract. A new theory for the calculation of the successive positions of a shock is suggested 
hue. For one-dimensional problem, it requires integration of a fmite number (say, 4 or 5) 
of ordinary differentid equations derived from an infinite system of compatibility conditions. 
Numerical results in Section 2 show that error is less than 0.1 percent. 
1. INTRODUCTION 
Starting from a given initial data, the determination of successive positions of a shock 
front and the computation of the amplitude of the shock at various times is an extremely 
difficult problem. The only reliable method of solving this problem is the time-consuming 
numerical integration of the complete set of equations. Many approximate methods have 
been proposed. However, the effect of the flow behind the shock on the motion of the 
shock - a very important effect - has never been accurately taken into account (see [S]), 
except for a weak shock, where an approximate evaluation of this effect is possible [4]. The 
Rankine-Hugoniot jump relations across a shock have been known for more than a century. 
However, the fact that there exists an infinite system of compatibility conditions along 
certain curves in space-time, called shock rays [3] was discovered only a decade ago [1,2], 
and even since then has attracted very little attention. The aim of this paper is to show 
that these compatibility conditions provide an extremely efficient system of equations to 
solve the shock propagation problem. We illustrate its efficacy with the help of the model 
equation r4 + 3(U’)= = 0. 
2. INFINITE SYSTEM OF COMPATIBILITY CONDITIONS 
Consider a solution u(z,t) of the single conservation law 
Ut + (f2, f= 0, (ZJ) E R x R+ 
with initial condition 
u(z,O) = Q(z), t E I? 
such that the solution is sufficiently smooth, except for a single shock curve. 
(2.1) 
(2.2) 
= = X(t), t E R,. (2.3) 
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The solution behind the shock i.e. z < X(t) is assumed to have a Taylor’s series represen- 
tation 
u(z, t> = 2 &(t)(z - x(t))’ (2.4) 
i=O 
where ui are spatial derivatives of u at the shock c = X(t), i = 0, 1,2,. . . . Here lim,,x(t)_o 
u(z,t) = UC,(~). We assume that the state ahead of the shock (i.e., for t > z(t)) is known, 
so that lim,,x(~)+e ~(2, t) = u?(t), is a known function oft. The shock velocity is given by 
dz 
- = $uo + ur) 
dt (2.5) 
The solution behind the shock satisfies the partial differential equation uUt + uuu, = 0. Sub- 
stituting (2.4) in the equation, setting vi tt) = U i = I, 2,. . . a! 1 and equating various powers 
oft - X(t), we get 
duo -=- 
dt 
dvi i+1 1 
YE-= 
(i + 1) 
--u0- 
2 ( 
Ur)Vi+l- 2 c Vjvi-j+l (24 
j=l 
i= 1,2,3,... 
The infinite system of equations (2.5) and (2.6) constitute the required set of ordinary 
differential equations for the determination of the shock position X(t), shock strength uo(t) 
and the spatial derivatives, ui(t) s i!vi(t), i 1 1. The initial values of X, uc and vi are given 
by the initial data (2.2) 
X(0) =x0, uo(0) = @(X0 - 0) = uoo, 
1 $@ 
(2.7) 
where Xc is the value of c at which O(z) has the discontinuity. 
The same system of compatibility conditions (2.6) can also be obtained even if u(z, t) does 
not have the Taylor’s series expansion (2.4), but has a discontinuity of the first kind on the 
shock path [l]. If an analytic solution of the initial value problem exists, then it is easy to 
show that it is unique. However, the system (2.5-2.7) does not have a unique solution in a 
more general space of functions. We present here an example given by Grinfel’d. Consider 
two problems Pr and Pz for the conservation law (2.1) with initial conditions: 
PI : O(z) = 
1 for 3: < 0. 
0 forz20. 
p* : @(z) = l -f’= ;: ; ; ;. 
- * 
From the existence and uniqueness theorem of the entropy solution of the conservation 
law (2.1) [S, Theorem 16.1, p. 2661, it follows that the solution of the two problems PI and 
Ps exist and are unique containing a single shock discontinuity starting from E = 0. As O(z) 
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for Pi and PZ are different for t < 0, it follows that the shocks in the two problems move 
with different velocities and have different states behind them, i.e. X(t), ui(t), i = 0, 1,2, 
for PI and Pz are different. However, they satisfy the same system (2.5) and (2.6) with the 
same initial conditions (2.7). 
3. AN APPROXIMATE METHOD FOR CALCULATING SHOCK POSITION 
If we set un+l = 0 in the (n + 1)th equation in (2.6), then the first (n + 1) equations 
form a closed system. Let X(i), Co(t), &(t), i = 0, 1,2,. . . n be the solution of the truncated 
system of (n + 2) equations:. 
dl? 1 
- =+o + ur) 
dt 
dfio l_ 
dt= 
- - ug - ?A,)& 
2( 
_= (i+1) dCi -- 
dt 2 ( 
ii0 - G)G+l. 
(3.1) 
(i+l) i 
- 
2 c 
CjCi_j+l,i= 1,2 ,... ,n-1 (3.2) 
j=l 
dv, 
(n+l) n cjfin j+l -_ 
dt= 2 c - , 
j=l 
with initial conditions as in (2.7), i.e. 
X(0) = Xo,?io(O) = UOO,Gi(O) = uio,i= 1,2, 
(3.3) 
n (3.4) 
Since the right-hand side of (3.1-3.3) are Lipschitz continuous at any point in (X, Go, Fi, 
. . . En) space, a unique solution of (3.1-3.4) exists on a suitable interval (0, T). It would be 
interesting to prove that the solution exists for all time t > 0, at least for those functions 
a(z), which are analytic in (-co, X0). 
From the solution of (3.1-3.4), we construct a function E(z, t): 
qx, t) = GO(t) + 2 &(t)(X - X(t))‘, X < X(t) 
i=l 
= u(t, t), given z > X(t) (3.5) 
(3.4) is an approximate solution of the conservation law (2.1) with (2.2) in the following 
sense: On the approximate shock path x = a(t), the jump condition (3.1) is satisfied. In 
the region behind the approximate shock, i.e. z < x(t), the substitution of E(z, t) in the 
conservation law (2.1) leaves a remainder containing a factor x - x(t))” on the left-hand 
side. This is small near x = Y?(t). The accuracy with which the conservation law is satisfied, 
in a neighborhood of the shock, increases as n increases. 
Solution for Small t. For small t, the solution of the approximate system of (n + 2) 
equations gives a solution, which tends to the solution of the infinite system as n - c=o. 
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Assuming that (X(t), u(t), vi(t)) of the initial value problem (2.5-2.7) and (X(r), cc(t), 
Ci(t)) of (3.1-3.4) have Taylor series expansion at t = 0: 
(3.6) 
f=$+tj,so=&~tj,~j 
j=O 
=f:?rj,i= I,2 ,... 78, 
j=o . 
a step-by-step evaluation of the coefficients show that the values of X1, .%l depend only on 
the initial value UOO, the values of XsLXs, and ucr, Goi depend only on the initial values ucc, 
~10. In general, the V~UM of Xj+i,Xj+i, ucj,Ccj, Eap, v,~(o + p = j) depend only on the 
initial values 2100, ~1s , . . . vjo, for all j. It follows that 
-Tj+l=Xj+llOj=Uoj,j=O1,2 ,... ?l, 
5.. rI =Vij,(i+ j = n, i = 1,2,, . .ll) 
Thus for small t, X - X = O(t”+‘)uo - 60 = O(@‘) and vi - iii = O(t”-‘+I), i = 1,2,. . . n, 
if (n + 2) equations of the approximate system (3.1-3.4) are considered. 
Solutions for large t. It is interesting to note that 
uo(t> = - &9 VI(r) = &, vi(t) = 0, i 2 2 (3.7) 
is an exact solution of the infinite system (2.6) with u, 3 0, for all values of A and Q. This 
is in agreement with the asymptotic solution of the initial value problem of (2.1) and (2.2) 
with Q! of compact support [5], w h ere the maximum values of iu] tends uniformly to zero at 
a rate t-‘i2 in an N-wave. 
A formal solution of the system approaching (3.7) as t --* cm can be obtained in powers 
of (t + cr)1/2 as: 
uo(t) = 
R(t) = 
q(t) = 
where Ai,Bi,Ci,... , i > 1 can be uniquely determined successively in terms of Ao, Bo, Co, 
. . . . The values of the higher-order spatial derivatives of u at the shock tend to zero faster 
than the lower-order derivatives ss t -* 00 justifying the use of the approximate system. 
The formal solutions for large t (with 0 of compact support) and small t do justify the 
use of the infinite system (3.1-3.3) for the approximate solution (3.4). Extensive numerical 
computation of solutions of (3.1-3.3) h s ow that the error in the calculation of X(t) and 
uo(t) is less than 0.1 percent even with n = 3 and is reported in Section 2. There is 
considerable saving in computer time since an infinite-dimensional problem is reduced to a 
finite-dimensional problem with just five or six ordinary differential equations. 
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